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Abstract

We propose a formalization of standard database management systems using topos

theory. In this treatment, all constructions take place within an ambient topos which

thereby serves as the \universe of discourse." A database schema is de�ned using

objects and morphisms in the ambient topos. A database state for a given schema

involves not only the ambient topos but also an internal category within the topos.

This approach neatly separates the schema from the state data by placing them in

distinct category structures. It is shown that database states can either be regarded

syntactically as objects in an external topos or semantically as morphisms in an internal

slice category. A number of operations are introduced that correspond to operations

used in standard database systems. Extraction selects some of the tables, attributes

and domains of a database state. The squeeze operation performs an \elimination

of duplicates," which can be combined with extraction to obtain an operation called

\projection" in standard relational database systems. A join operation is de�ned that

generalizes the relational join operation and can be used for the cartesian product and

selection operations. Finally, \boolean" operations of intersection, union and di�erence

are introduced and related to the other operations.

1 Introduction.

Compared to the �eld of programming language semantics, which has a sophisticated math-

ematical foundation, the �eld of data semantics is unsophisticated and informal. This is

especially true of the �eld of object-oriented databases where the lack of a strong theoretical

framework has been frequently noted. However, even for the more established \relational"

database systems, there is a gap between relational database systems as they are de�ned in

theory and as they exist in practice. This, in turn, has generated a lack of consistency among

the research endeavors in this �eld. The purpose of this paper is to give a topos-theoretic
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treatment of standard (SQL) database systems that is faithful to these systems as they are

actually used.

In nearly all data models, a database has two parts: its schema or de�nition and its state

or current data. Consider the example of a relational database of employees and departments.

Its schema might consist of the following:

EMPLOYEES

Attribute
Domain

SSN
CHAR(11)

NAME
CHAR(30)

DEPT
INTEGER

ADDR
STRING

DEPARTMENTS

Attribute
Domain

CODE
INTEGER

NAME
CHAR(20)

The state of the table of employees will look something like the following:

EMPLOYEES

SSN
NAME DEPT ADDR

012-00-9091
John Green 1 55 Pleasant St., Brookline, MA 02145

855-48-0712
Ada Byron 2 500 Washington Rd., Newton, MA 02314

670-77-6152
John Green 1 90 Red Rd., Miami, FL 33561

.

.

.

.

.

.

.

.

.

.

.

.

399-12-1234
Jay Shay 3 4501 Wilshire Blvd., Los Angeles, CA 90901

The state of the table of departments will look something like the following:

DEPARTMENTS

CODE
NAME

1
Product Development

2
Marketing

3
Sales

From this example one can see that a database has a number of distinguishable elements:

1. A schema consists of a number of tables.

2. Each table has a title.

3. Each table has a number of attributes.

4. Each attribute has a domain or set of allowable values.

5. The state of a table has a number of rows (also called \tuples").
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6. Each row conforms to the same structure with one value for each attribute. Moreover

each value belongs to the domain of the corresponding attribute.

The notion of a schema is fundamental for database management systems. It represents

the model or intuitive picture of what one is storing in such a system. Furthermore, the

schema itself consists of data that can be organized into tables in much the same way as the

data representing the state of the database. The data that make up the schema is sometimes

called meta-data to distinguish it from the data in the database.

Of course, one can (and usually does) store the schema as data in its own database (the

data dictionary) which is described by a schema of its own (the meta-schema). However, the

data in the data dictionary is conceptually on a higher semantic level, and the semantics of

the data in the data dictionary is de�ned by programs in some programming language not

by the data itself (whatever that would mean).

In our approach, category theory neatly separates the schema data from the state data

by placing them in distinct categories. The schema data reside in an ambient topos (which

serves as the \universe of discourse"), while the state data \reside" in an internal category.

The conundrum of how one recognizes the data in one level as structures in another is

resolved by encoding the data semantics using morphisms in the ambient topos. This is the

same technique that is used for de�ning the internal category itself.

In the next section we review topos theory, giving detailed de�nitions of internal category

and internal functor mostly to illustrate our somewhat eclectic notation. Following this

section, the core of the paper is developed in three sections. The concept of a schema is

introduced in section 3. We also introduce morphisms of schemas and note that the category

of schemas is itself a topos. The main result of this section is the proof that the forgetful

functor from internal categories to schemas has an adjoint. Several other forgetful functors

are also introduced, and their adjoints are discussed. These other adjoints are used to de�ne

a number of forms of \discrete" schema.

The concept of a database state is introduced in section 4, along with the �rst operation

on states: extraction. Because of the adjointness theorem in the previous section, a database

state is an internal functor of a certain kind within the ambient topos. Extraction corresponds

to the \select" and \from" clauses of an SQL query. It chooses a set of tables, columns

and domains from a schema. It can also choose the same object more than once, thereby

e�ectively duplicating it. Database states and extraction form a slice category called the

syntactic category of database states to distinguish it from the more interesting category

of states de�ned in the next section. The section concludes with a discussion of states of

discrete schemas.

In section 5, an internal (or \semantic") composition is introduced for database states.

This composition operation is closely related to the composition of internal natural trans-

formations. With respect to internal composition, the database states are the morphisms of

a category called the semantic category of database states. Internal composition is the basic

technique for de�ning semantic notions and operations.

The rest of the paper develops various semantic operations on database states. An

operation called the join is introduced in section 6. Categorically, this operation computes
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an internal limit in the internal category. Our join operation generalizes the relational

equijoin operation which combines two or more tables into a single table. The main result is

that joins can be computed whenever the internal category is complete. The join operation

allows one to express inter-table constraints such as referential integrity constraints.

In section 7, the concept of squeezing is introduced. This operation corresponds to the

\elimination of duplicates" in standard database systems. The main result is a condition on

the internal category that ensures that database states can always be squeezed.

An operation called selection is developed in section 8. In standard database systems, this

operation selects that part of a database state that satis�es a condition called a \selection

predicate." The main result is that the selection operation can be expressed in terms of the

join operation. The \boolean" operations of union, intersection and di�erence are discussed

in section 9.

The paper concludes with a discussion of how this framework might be modi�ed to

produce an object-oriented data model. In the course of these investigations we found that

a standard database schema could be regarded as an incompletely speci�ed category. This

led naturally to a forgetful functor and its corresponding adjoint. It came as a surprise that

the schema of an object-oriented database appears to be a structure that is intermediate

between a standard schema and a category. Put another way, there appears to be a trend

toward incorporating more of the structure of a category in the concept of a database schema.

Whether this trend will continue is an interesting speculation.

2 ate orical oundation.

We take as understood the notions of category, functor, and natural transformation. We also

assume familiarity with the notions of completeness and cocompleteness.

To �x notations, If X and are categories, and X ! and ! X are functors,

we say is left ad oint to i� for each pair of objects x 2 X:Obj and a 2 :Obj there is a

bijection

x;a

X(x; a)! ( x; a)

. Following MacLane [8], we denote the unit and counit of this adjunction by and �

respectively.

A topos forms a universe for engaging in mathematical discourse. In our case it forms

the universe for de�ning database schemas. Technically, a topos is a category which is both

complete, and in which the subobject functor is representable. However, a naive view of a

topos would be a category in which set-theoretic operations are possible. In particular, it

is possible to form function spaces using a construction similar to the formation of graphs

in ordinary naive set theory. If and are objects of a topos, then is the object of

morphisms from to . If ! is a morphism of , then we write 1! for the

(global) element of which represents .

The universe of discourse provided by a topos is su ciently rich that one can introduce

category theory and even topos theory within the context of a topos. A category de�ned

within a topos is called an internal category [7] and is de�ned as follows.
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n internal category in a topos consists of:

. pair of o ects .Obj and . of .

. our morphisms :

:s

�������!
:Obj, :

:

�������! :Obj, :Obj

:

����!
:

and

:

:

:

:

������! : ;

here :

:

: is de ned y the follo ing pull ac diagram:

:

:

:

:

:

:Obj

/

:s

:

/

he o ects and arro s of satisfy the follo ing constraints:

a. he source and target of an identity arro is the o ect on hich the identity arro

acts:

: : : : 1

:

. he source and target of a composition of arro s is the source of the rst arro and

the target of the second arro , respecti ely:

: : : and : : :

c. omposition of arro s is associati e:

: (1

: :

: ) : ( :

:

1

:

)

d. he composition of an identity arro ith another arro is the other arro :

: (1

: :

: : ) 1

:

: ( : :

:

1

:

) 1

:

he product morphisms in constraint d e ist y irtue of constraint a .

Functors of categories can also be given an internal de�nition as follows:

n internal functor : ! from internal category to internal category

is a pair of morphisms in the topos , : bj: :Obj! :Obj and : : : ! :

su ect to the follo ing constraints:

. he functor commutes ith the source and target morphisms: : bj :

: : and : bj : : : .
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:

:

:

:

:

:

:

:

: :

:Obj

/

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

:

/

:s

:

/

:

/

Figure 1: Internal Functors

. he functor ta es identity arro s to identity arro s: : : : : bj.

. he functor preser es composition co ariantly: : : : ( :

: ), here the product morphism : : is the morphism : ; :

. his morphism e ists y de nition of the pull ac :

:

: since the

diagram in igure commutes y the constraints in part a o e and y the de nition

of the pull ac :

:

: .

The internal categories and internal functors of the topos form an (external) category

called the category of internal categories and written a ( ) or simply a . One can derive

other kinds of internal category from the general de�nition. Here is an important example.

n internal category with monic arrows is an internal category together

ith a monomorphism : : : ! : in the am ient topos satisfying the follo ing

conditions:

. he morphism : : ; : factors through : .

:

:

: :

:

:

: :

: :

/

�

�

�

�

�

�

�

�

�

�

�

�

�

:

:

/

. et e a limit of the follo ing diagram:

:

:Obj

:

:Obj

:

:s

:

:s :

/

:s

:

he ord derive here is used the same ay as in the programming languages da and C .
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let e an e uali er of the pair of morphisms

:

/

/

and let e the e uali er of the pair of morphisms

:

: : ;

/

: : ;

/

hen there e ists a morphism ! such that this diagram commutes:

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

Intuitively, an internal category with monic arrows is an internal category with a dis-

tinguished set of monic arrows. The �rst condition states that the composition of two dis-

tinguished monic arrows is again a distinguished monic arrow. The second condition states

that distinguished monic arrows are monic arrows, i.e., right cancelable. We leave it to the

reader to give the de�nition of an internal category with epic arrows.

One formulation of the axiom of choice is that epimorphisms have right inverses. For

internal categories, one postulates this only for the distinguished epic arrows, and a speci�c

right inverse is given for each of these.

n internal axiom of choice category is an internal category ith epic arro s

together ith a morphism : : : ! : in the am ient topos such that the

follo ing diagrams commute:

:

:

:

:Obj

:

/

:

:

:s

/

:

:

:

:Obj

:

/

:

:s

:

/

:

:

:

:

:Obj

:

: ; :

/

: :

:

:

/
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c e a

The standard architecture of a database management system has three levels of abstraction

(see [6, 10, 11]). This architecture starts with the physical level where data is regarded from

the point of view of its representation in memory. It continues with the conceptual level,

where the logical and general view of data in the database is represented in a conceptual

schema. It concludes with the external level, which includes all individual views of the users

of the database. In this section we focus on a categorical formulation on the notion of schema.

Our de�nition is meant to capture the main organizing data structures (referred below as

the tops), the properties of various objects of the database (called attri utes) and the sets

which allow us to express these properties (called domains).

schema in the am ient topos is a uintuple ( ; ; ; ; ) for hich

, and are o ects in , and for hich : ! and : ! are morphisms.

The object of a schema is called the set of tops. Intuitively, the elements of are

the names or la els of tables. The elements are not the tables themselves. As will be seen

shortly, a table may be regarded as a particular state of a top. For a schema , the set of

tops will be denoted : .

The object of a schema is called the set of attri utes. The morphism : ! may

be regarded as the function that maps an attribute to its corresponding top. Again, one

should not confuse an attribute with a column which is a state of an attribute. Note that

each attribute belongs to just one top. In some treatments of the relational model, it is

possible for an attribute to belong to several relations. From this point of view, an element

of is a fully uali ed attri ute, where the quali�cation speci�es the relation name of the

attribute. For a schema , the set of attributes will be denoted : b , and the

morphism : : b ! : will be written : .

The object of a schema is called the set of feet. Intuitively, the elements of are the

names or la els of domains (or types). The elements of are not the domains themselves.

As in the case of tops and attributes, a domain may be regarded as a particular state of

a foot. The morphism : ! may be regarded as the function that maps an attribute

to the name of its type. For a schema , the set of feet will be denoted : , and the

morphism : : b ! : will be denoted : .

onsider the data ase of employees and departments in section . all the

schema . he schema has t o top elements,

: ; ;

ut it has si attri utes,

: b : ; : ; : ; : ; : ; : ;
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here is an a re iation for and a re iates . he

schema also has e feet,

: ; (11); (20); (30); :

he morphism : b

:

�����! : maps . to , : : :, .

to . imilarly, : b

:

�����!
: maps . to ,

and so on.

So far the de�nition of a schema treats domains and tables symmetrically both are part

of the state. In fact, the set of domains is usually considered to be �xed and the state of

the database is entirely determined by the states of the tables. This feature of a schema is

discussed later (cf. de�nition 24 of section 5) when the concept of semantic isomorphism of

states is introduced.

The concept of a schema de�ned above allows the possibility of a top element that has no

attributes at all. Although such a top element is not especially useful, it isn t unreasonable

to allow it.

A schema is a cone in the ambient topos or, equivalently, an object in the category of

functors into the ambient topos from the category having three objects and �ve morphisms

as in this diagram:

A morphism of schemas is a morphism (natural transformation) in the functor category

mentioned above. In other words, a morphism of schemas : ! is a triple of morphisms

( ; a; ) in the ambient topos such that the following diagram commutes:

: :

: b : b

: :

/

:

a

/

:

:

:

/

(1)

The schemas and morphisms of schemas of the topos form a category called the category

of schemas, written ( ) or simply . This category is actually a topos, although we

will not use this fact. See [7, 2].

ctually, the notation in section 1 is not a complete speci cation of a schema in the sense used in this

section. It does not specify that a domain such as C 5 is in the schema. Such a domain is potentially

usable, but as not e plicitly used.
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It is convenient to refer to a morphism of schemas by a single name from which the

three components are extracted. If ( ; a; ) is a morphism of schemas, then its three

components will be denoted by : b , : and : , respectively. The

signi�cance of this notation will become clear after the concept of a database state has been

introduced in section 4.

Note that there are some similarities between a schema and an internal category, where

the morphism : is analogous to the C. morphism of an internal category and

the morphism : is analogous to the C. morphism of an internal category. The

main di�erence is that the objects : and : need not coincide, as they must in an

internal category. As a result, there are no concepts of composition and identity internal to

a schema. Nevertheless, it is helpful to regard a schema as an incomplete speci�cation for a

category. In particular, there is a forgetful functor that regards an internal category as a

schema.

here is a forgetful functor : a ! gi en on an internal category

y:

( ): ( ): :Obj,

( ): b : ,

( ): : ,

( ): : .

and on an internal functor y:

( ): b : bj,

( ): : ,

( ): : bj.

The forgetful functor has an adjoint that is important for de�ning the concept of a

database state.

he functor : a ! has a left ad oint : ! a .

Before proving the theorem, we begin with some useful auxiliary results.

et and e t o o ects in the topos . he follo ing is a pull ac s uare:

0

/

/

Proof. It is trivial to see that

0 0

1

/

/

(2)
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is a pullback square. Furthermore, since

0

/

is monic, the de�nition of the subobject

classi�er implies the existence of a unique morphism a such that

0

1

/

a

/

(3)

Combining diagrams 2 and 3 and using the Pullback Lemma [5, page 67] gives the pullback

square:

0

/

a

/

(4)

By de�nition of the coproduct, there is a unique coproduct morphism

[ ; a ]: ! :

Suppose that the following is a commutative square:

/

/

(5)

By de�nition of the coproduct morphism, the commutativity of diagram 5 implies the fol-

lowing square:

/

a

/

also commutes. Since diagram 4 is a pullback, there is a unique morphism ! 0 such that

0

�

�

�

�

�

�

�

�

�

�

�

�

�

�

/

/

commutes. The lemma then follows.

et : ! and : ! e morphisms. hen

0

/

/

is a pull ac s uare.
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Proof. In the following diagram:

0 0

0 0

/ /

/ /

/ /

the lower right square is the pullback square in Lemma 9, while the other squares are trivially

pullback squares. The Corollary follows from the Pullback Lemma.

et : ! and : ! e t o morphisms. hen the diagram:

; ; ;

/

; ; ; ; ;

; ;

/

is a pull ac s uare.

Proof. Let . Clearly the following are all pullback squares, where is short for

and is short for :

/

/

/

/

/

/

By Corollary 10, the following diagram is also a pullback square:

0

/

/

It is a well-known consequence of the Fundamental Theorem of Topoi that coproducts pre-

serve pullbacks (see [3]). The four pullback squares above may therefore be combined into a

single pullback square:

0

:

/

/

Since 0 , the Proposition follows.

Proof of Theorem 8. The adjoint functor : ! a is de�ned on a schema as follows:
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1. ( ):Obj is the coproduct : : .

2. ( ): is the coproduct : b : : .

3. ( ): is the coproduct morphism

[ : ; ; ]: : b : : ! : :

4. ( ): is the coproduct morphism

[ : ; ; ]: : b : : ! : :

5. ( ): is the coproduct morphism

[ ; ]: : : ! : b : :

6. By Proposition 11,

( ):

:

( ):

is isomorphic to : b : : : b . ( ): is then

de�ned by [ ; ; ; ].

It is straightforward to verify that ( ) is an internal category. To complete the de�nition

of as a functor, we need to de�ne ( ) for a morphism of schemas : ! . ( ) is the

internal functor from ( ) to ( ) given by:

1. ( ):Obj: ( ):Obj! ( ):Obj is the morphism

[ : b ; : ]: : : ! : :

2. ( ): : ( ): ! ( ): is the morphism

[ : ; : b ; : ]

Again, it is straightforward to verify that ( ) is an internal functor. The next step is

to de�ne a morphism of schemas : ! ( ( )) for every schema . This morphism is

given by:

1. : b is the injection : : ! : : ,

2. : is the injection : : b ! : b : : ,

3. : is the injection : : ! : : ,

Clearly, is a morphism of schemas. Let be an internal category, and : ! ( )

be a morphism of schemas. De�ne a functor : ( )! as follows:

13



1. : bj [ : b ; : ]: : : ! :Obj.

2. : : : b : : ! : is the morphism [ : ; :

: b ; : : ].

It is straightforward, but tedious, to check that is an internal functor and that ( )

. All that remains is to check that is unique subject to these properties. Accordingly, let

: ( )! be an internal functor such that ( ) . This implies that : b

( ( ) ): b : bj : b : bj . Similarly, : : bj . By

the uniqueness of the coproduct morphism, : bj [ : b ; : ] : bj.

In a similar manner, we compute : : . Now is an internal functor

so this diagram commutes:

: : : b : :

:Obj

:

: ;

/

: :

:

:

/

Therefore, : : : b and : : : . Again, by

the uniqueness of the coproduct morphism, : [ : ; : : b ; :

: ] : .

There are several other forgetful functors that have adjoints. An internal category

can be regarded as an object of by forgetting all of the structure of except the object

: . Write for this forgetful functor. Similarly, a schema can be regarded as an

object of by forgetting all but : b . Write for this forgetful functor. Note

that ( ( )) ( ). The left adjoints of and will both be denoted . For an object

of , ( ) is called the discrete internal category (or discrete schema, depending on the

context) of the object . In a discrete internal category, all the arrows are identity arrows.

In a discrete schema, the tops, attributes and feet all coincide.

Another useful forgetful functor and left adjoint is the one that regards a schema as

a morphism of . The forgetful functor is given by ( ) : for a schema , and

is de�ned on morphisms of schemas in the obvious way. is a functor from to the

morphism category of . (There is also a forgetful functor ( ) : , but we will

not have a use for this one.) The left adjoint of is , which is de�ned on a morphism

: ! by:

1. ( ): ,

2. ( ): b ,

3. ( ): ,

4. ( ): ,

5. ( ): 1 .
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ata a e tate and traction

The notion of database state (see [10]) is introduced in order to represent the content of

the database at a given moment in time. Also, in this section we consider the extraction

operation on database states. This operation is a generalization of both aliasing and the

projection operation from relational databases.

(database) state of a schema in an internal category is a morphism

of schemas from to ( ).

A state of a schema consists of three morphisms. The �rst, :

: s

�������!
:Obj,

instantiates each top as a table. The second, : b

: s

�������!
: , instantiates

each attribute as a column, i.e., as a function from a table to a domain. The third,

:

: s

�������!
:Obj, instantiates each foot as a domain. The commutativity of dia-

gram 1 of section 3 ensures that the column of an attribute maps the table of the top of the

attribute to the domain of the foot of the attribute.

onsider again the ta le of employees in the introduction. he schema of

this ta le as de ned in ample . state of this schema consists of three morphisms:

1. A morphism

: b : ; ! :Obj:

The image of , for example, is the set of rows of the EMPLOYEES

table. To write this set down, one would need some kind of identi�er for each row. This

identi�er is not usually regarded as part of the database state. Later we will discuss

the concept of isomorphic states which will deal with this issue. For the purpose of this

example, suppose that : b ( ) is the set 1; 2; 3; : : : ; , where

is the number of rows in the table.

2. A morphism

INTEGER,CHAR(11),CHAR(20),CHAR(30),STRING

: s

�������!
C.Obj

This morphism de�nes these �ve domains. For example, : maps the label

(11) to the set of 11-character strings in :Obj.

3. A morphism

: ; : ; : ; : ; : ; :

: s

�������!
:

The image of : , for example, is a function that maps the elements of the set

: b ( ) to the set of 11-character strings. In the table shown in

the introduction, this is the function 1 ! ; 2 ! ; 3 !

; : : : ; ! .
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Because the forgetful functor has a left adjoint , one could equally well de�ne a

database state as an (internal) functor ( ) ! . This is the origin of the title of the

paper.

The �rst operation one can perform on database states is called e traction. It selects

some of the tables, columns and domains of a database state.

et and e t o schemas, and let : ! e a morphism of schemas.

et : ! ( ) e a state of . he extraction of ia is the composition of morphisms

( ) : ! ( ).

The extraction operation is similar to the relational projection operation, but there are a

number of di�erences. For example, it deals with an entire schema not just a single relation.

Furthermore, one can select tables, columns and domains more than once, i.e., one can

\alias" any of these concepts. Finally, the extraction does not \eliminate duplicates."

For a �xed internal category , the database states and extractions form a category. To

be more precise, the objects of this category are the database states : ! ( ). The

morphisms are pairs of the form ( ; ), where is a morphism : ! of schemas and

is a state : ! ( ) of in . The resulting category is better known as the slice category

( ) of over ( ). See, for example, [8]. We call this the syntactic category of

data ase states in . As we noted already, is a topos. Therefore the syntactic category

is also a topos. The term \syntactic" was chosen to contrast the extraction operation, which

is external, with the \semantic" or internal operations to be de�ned later.

onsider the discrete schema ( ) for an o ect of . state of this

schema is completely determined y the morphism ! : . n other ords, a state of a

discrete schema is ust a collection of unrelated arro s. his is an important special case,

and such a state ill e called a discrete state.

et e a discrete schema. state of is said to e a discrete identity

state in if the morphism : : ! : factors through the morphism : of the

internal category .

A discrete identity state of is determined by a morphism ! :Obj. Intuitively, a

discrete identity state is a collection of identity arrows in the internal category or, equiva-

lently, a collection of internal objects of the internal category. In contrast to the extraction

operation, this is an internal, semantic concept.

More generally, for a �xed object of , the discrete states form a category:

et e an o ect of . he data ase states of ( ) in an internal category

form an internal category denoted , here :Obj is the e ponential o ect :Obj

of , : : , : is the e ponential morphism : , and so on.

It is easy to check that is an internal category. The discrete states of ( ) in are in

bijective correspondence with the morphisms from 1 to : . The state : ( )! ( )
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corresponds to the morphism : : 1 ! : . We will often abuse notation and

refer to the morphism : as being the state . The discrete identity states are

bijective with morphisms from 1 to :Obj. A discrete state is a discrete identity state if

: : b : . A discrete state is a discrete isomorphism state if there

is another discrete state such that : ; and : ; are both

well-de�ned discrete identity states. Other internal concepts for discrete states can easily be

de�ned by this technique.

Internal o o ition o tate .

We now introduce a (semantic) composition operation for database states which generalizes

the internal composition operation for discrete states. This form of composition should be

contrasted with the syntactic notion of composition used in the de�nition of extraction.

Internal composition allows one to de�ne isomorphism of states as well as relational algebra

operations such as join, selection and projection. We �rst introduce a schema composition

operation for schemas and morphisms of schemas.

schema is said to e compatible ith a schema if : : .

hen is compati le ith , the schema composition schema is the schema , denoted

gi en as follo s:

. is the schema such that : : , : : and : b is

gi en y the follo ing pull ac in the am ient topos:

: b

: b

: b

:

/

:

:

/

(6)

. he morphism : is gi en y : , and the morphism : is gi en y

: .

The full diagram de�ning the schema composition of with is Figure 2. Our no-

tion of schema composition of schemas has appeared in other contexts. For example, the

composition of partial maps is a special case. See, for example, [1], pages 34 35.

A number of special cases of schema composition are worth noting. For a schema ,

the schemas ( : ) and ( : ) are both naturally isomorphic to , and for

simplicity we identify both of them with .

he schema of an internal category ( ) is al ays compati le ith itself. n

this case, ( ( ) ( )): b :

:

: is the set of composa le arro s

of . he composition of these composa le arro s de nes a data ase state. e o erload

our notation some hat and denote this state y : : ( ) ( )! ( ). his state is

17



:
:

: b

:

: b

:

: b

: :

:

:
:

:

:

:

Figure 2: Schema Composition

the identity on tops and feet so the composition on arro s is the only nontri ial e ect as a

morphism of schemas. his usti es the o erloading of : for this morphism. t is easy

to chec using the de nition of an internal category that : is a morphism.

Because a morphism of schemas has three components, there are many ways to factor it

through intermediate schemas. The following factorization of a morphism : ! will be

important in the de�nition of the join in Section 6:

( : b )

: : :

: b : b : b

: : : :

/ /

: s

/

:

:

: s :

: s

/

:

:

:

: s

/

(7)

We now de�ne the schema composition operation on morphisms of schemas.

et : ! and : ! e t o morphisms of schemas. he morphisms

and are said to e compatible hen : : b . hen and are

compati le, their schema composition is the morphism : ! gi en y:

18



. ( ): b : b

. ( ): :

. ( ): : ; :

t is easy to erify that is a morphism of schemas.

An important property of the operator is that it is natural with respect to composition

in the ambient topos. This is a fundamental fact that is the basis for relating the external

(syntactic) composition of schemamorphisms with internal (semantic) operations of database

states.

et ��! ��! and
��! ��!

e schema morphisms such that

and as ell as and are compati le. hen ( ) ( ) ( ) ( ).

Proof. Follows easily from the corresponding property for pullback.

The schema composition of morphisms can, of course, be applied to database states

because a state is a certain kind of morphism of schemas. However, the result of such an

operation on states is no longer a state. Accordingly, we need to modify the construction

to obtain an operation that again produces a state. We call this operation the internal

composition of database states.

et : ! ( ) and : ! ( ) e t o states in the internal category

that are compati le as morphisms of schemas. he internal composition of ith , is gi en

y : ( ), here : as de ned in ample .

Combining Figure 2 with the commutative diagrams for the states and gives a com-

mutative diagram in the ambient topos shown in Figure 3 that de�nes . An important

feature of internal composition of states is that they are associative up to isomorphism.

et ; ; e states of the schemas ; ; , respecti ely, in such that is

compati le ith and is compati le ith . hen there is an isomorphism of schemas such

that the follo ing diagram commutes:

( ) ( )

( )

Proof. The morphisms ( ( )): b (( ) ): b are both equal to : b

and so coincide. The : components also coincide, so the only problematic morphisms

are the : components. Now ( ( )): b and (( ) ): b

are given by pullbacks which are known to be naturally isomorphic. If we abbreviate
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:
: :Obj

: b

:

:
:Obj

: b

: :Obj

: b :

: :

:Obj

: s

/

:

:

: s

/

:s

:

: s

/

:

:

: s

/

:

:

: s

/

:s

:

: s

/

Figure 3: Internal Composition of States

: b to , : to , and so on, and if we omit the subscripts on , then

the associativity of reduces to showing the commutativity of this diagram:

( ) ( )

( ) ( )

: :

: :

The lower part of this diagram is commutative by de�nition of internal categories, while the

top square is commutative by the associativity of the pullback.

There are several ways that the internal composition of states can be used to de�ne a

category. For example, one could de�ne a category for which the states are the morphisms,

while the objects are the discrete identity states. A more interesting category has the states

as its objects and the discrete states as its morphisms:

he semantic category of database states of a schema in an internal cat

egory , denoted ( ; ), is the e ternal category de ned as follo s:
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. n o ect of ( ; ) is a data ase state of in .

. or o ects and of ( ; ), a morphism : ! is a triple ( ; ; ) here is a

discrete identity state of : such that .

. he discrete identity states de ne the identity morphisms of ( ; ), and the compo

sition of morphisms is gi en y internal composition.

It is easy to see that if : ! is a morphism of the category ( ; ), then :

: . Therefore this category is the disjoint union of the full subcategories ( ; ; ),

whose set of objects is : . In other words, two states can be compared if

and only if they have the same domains, but they do not need to have the same or even

isomorphic tables. This asymmetry between the tops and feet of a schema is an important

aspect of database states.

o data ase states and are (semantically) isomorphic if they are iso

morphic in a semantic category. n particular, this implies that they ha e the same schema,

internal category and domains i.e., : : . substate of a state is a

su o ect of in its semantic category.

Intuitively, if one relabels the rows of the tables of a state, then one obtains an isomorphic

state, provided that the relabeled rows continue to have the same columns as the original

elements. From the point of view of database management, this says that one may permute

the internal tuple identi�ers without changing the semantics of a table. One cannot do the

same for the domains of a state. Consider the employee database in the introduction. If the

20-character strings and were interchanged everywhere in the

tables where this type occurred, then it is intuitively clear that the semantics of the state

would be changed.

The morphisms in ( ; ) are closely related to the internal analog of the concept of a

natural transformation. Let and be two internal categories, and let ; : ! be

two internal functors. An internal natural transformation : ! is a discrete state of

:Obj such that ( ) ( ) . Write a [ ; ] for the external category of internal

functors : ! with internal natural transformations as the morphisms and composition

de�ned by .

An internal natural transformation : ! necessarily satis�es : b : bj and

: : bj. Thus is completely determined by the morphism : , and this

is how an internal natural transformation is normally de�ned. In the following, we will use

both points of view, and allow the context to determine which is intended.

oin.

The join is a fundamental operation in the standard database systems, and the analogous

operation is also fundamental in our theory. The standard database concept of a join involves
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combining the two relations into a single relation. The surprising aspect of our operation is

that it involves just one database state.

Let : ! be a morphism of schemas, and suppose that : ! ( ) is a state of in

. This is the situation used for de�ning the extraction operation, except that the morphism

of schemas goes the other direction. The join will be a state of that will be denoted ( ).

We �rst give the de�nition and then follow with a detailed example to illustrate the concept.

et : ! e a morphism of schemas, and let e a state of in . et

( : b ), and let e the factori ation of gi en y diagram . join

of o er is a state of in such that there is a state of in ith the follo ing

properties:

. he internal composition is ell de ned and coincides ith the e traction ( )

of .

. f is another state of such that is ell de ned and coincides ith ( ) for

some state of , then there e ists a uni ue state of ( : ) such that .

Let be the schema discussed in Example 6. A natural operation for this schema would

be to join the two tables to produce a single table. To be precise consider the following SQL

query:

O O

O

We will show that there is a natural morphism of schemas : ! such that for a state

of , the result of the query is given by ( ). Accordingly, �rst de�ne the schema as

follows:

1. : ,

2. : b : ; : ; : ; : ; : ,

3. : : ,

4. The morphisms : and : have the obvious de�nitions.

The morphism : ! is given by:

1. : b ! ; ! ,

2. : : ! : ; : : : ; : ! : ; : : : ,

3. : 1

:

.
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The intermediate schema ( : ) has the same tops as , but is otherwise the same as

. The morphism collapses the two top elements of to one top element of , and two of

the attributes of are collapsed to a single attribute of . The factorization from

diagram 7 separates these two parts of the e�ect of . collapses the two top elements of

, while collapses the attributes of .

The schema ( : b ) has the following structure:

1. : ,

2. : b ; ,

3. : : b ; ,

4. The morphisms : and : have the obvious de�nitions.

A state of that is compatible with a state of can be regarded as a table of rows,

each of which is a pair consisting of a row of the table and a row of the

table. In other words, is a form of nested relation or, more precisely, a

nested table. (See [9] for de�nitions related to nested relations.) The operation \unnests"

the nested table to produce an ordinary table with all six attributes of . A state of ,

however, has only �ve attributes. The condition ( ) constrains to be a state

for which the two attributes : and : map to the same column. This is

exactly the join condition in the clause.

The only remaining requirement of the join operation is the universality property. It is

easy to see that the e�ect of this condition is to ensure that the state is the \largest"

possible subject to the other conditions. It follows that ( ) is precisely the join de�ned

by the SQL query.

Consider some variations of the join. In the �rst, we select only three of the attributes

to be in the �nal result. The SQL query would then look like the following:

O O

O

One can obtain this result by using the previously discussed join followed by an extraction.

Let be the schema having a single top element, three attributes as in the query and the

same feet as in and . De�ne the morphism : ! to be inclusion of as a subschema

of . It is clear that ( ( )) gives the state corresponding to the query above.

If it happens that two of the rows produced by this query have the same attribute values.

In other words, the result of the query need not be a relation. Both the SQL query and

the state ( ( )) agree in this respect. To obtain a relation one must explicitly eliminate

duplicates. In SQL one uses the following query:

O O
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O

The database state corresponding to this query is ( ( ( ))), where is the squeeze

operation to be de�ned in section 7.

The main results of this section are that some internal categories have joins, and the

characterization of such categories.

et e an internal category in the am ient topos, . et X e an o ect

of the am ient topos. et ! (X) e an internal functor. ecall that the internal hom

functor maps 2 a [ (X); ] into : 2 a [ ; ]. n internal category

is a complete internal category i for each internal category, , for each o ect, X, of the

am ient topos, , and for each internal functor : ! (X), the internal hom functor

a [ (X); ]! a [ ; ] has a right ad oint.

et : ! e an epimorphism of schemas, and let e a state of in a

complete internal category , such that s. factors through m. . hen there

e ists a oin : ! ( ) of o er .

Proof. Because is a state, the following diagram commutes :

: :

: b

:

: b

:

: s

/

:

: s :

/

: s

:

/

(8)

We view the �rst column above as a schema, and de�ne to be the internal category

generated by it. We view the second column as the underlying schema of the discrete

internal category ( : ). Therefore the rows of the diagram de�ne an internal functor

: ! ( : ).

Because is a state, the following diagram commutes:

: :Obj

: b :

: b

:Obj

: s

/

:

: s

/

: s

:s

:

:

/

(9)

where is the unique morphism such that : : . It exists because

: factors through : by hypothesis. It is unique because is epic.

The �rst column of diagram 9 is the same as that of diagram 8. Therefore, diagram 9

de�nes an internal functor : ! .
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Since is a complete internal category the functor : a [ ( : ); ]! a [ ; ]

has a right adjoint lim . We will use both the unit : 1

a : ;

! lim , and the

counit �: lim ! 1

a ;

of this adjunction.

The limit lim ( ) is an internal functor : ( : ) ! . By de�nition of as an

adjoint functor, is determined by a morphism ( ): : ! :Obj.

The value of the counit on is an internal natural transformation �( ): (lim ( ))! .

Note that (lim ( )) ( ) . By de�nition of an internal natural transformation,

the following diagram commutes:

:Obj :Obj

:Obj

:

:Obj :Obj

:

/

/

:s

:

:

/

(10)

As shown in the proof of Theorem 8, :Obj can be identi�ed with the coproduct :

: b . Now compose the horizontal morphisms in diagram 10 with the inclusion

morphism : : b ! :Obj, and substitute the de�nitions of the top and bottom

morphisms on : b , to obtain the following commutative diagram:

: b

: :Obj

: b :

: b :

:Obj

:

/ /

/

:s

:

:

/ /

(11)

Clearly, diagram 11 de�nes a state of where : b ( ), etc. We propose to show

that is a join of over .

Next consider the : component of diagram 10. As before, compose with and

substitute de�nitions to obtain the commutative diagram:

: : :Obj

:

:

: :Obj

: s

/ /

/

:s

:

: s

/

(12)

It is easy to see that the diagram above de�nes a state of the schema ( : b ).

More precisely, : b ( ), : �( ) and : : b . This

last equation implies that is compatible with so that is well-de�ned.
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We need to show that coincides with ( ) , where is the morphism obtained

from the factorization of given by diagram 7:

: :

: b : b

: :

: s :

: s

/

:

:

:

: s

/

First consider ( ): b : b ( ) : b : b : b ,

because : b 1

:

. Similarly, ( ): : :

: : : : . The last component is the hardest. Now

( ): : �( ) : ; : , while : :

�( ) : . To relate these two consider the requirement that �( ) be an internal

natural transformation:

�( ) ( (lim ( ))) ( ) �( ): (13)

The two sides of the equation above are morphisms from ( ) to ( ). Consider just the

: component. This is a morphism : ! : . Now : can be identi�ed

with : : b : b . Consider just the restriction to : b .

The restriction of the left-hand side of equation 13 is

: : ( ) : b : ; �( ) : :

The left component above can be replaced as follows:

: ( ) : b :

: ( ) : : ; since is a morphism,

: : �( ) : ; by diagram 11

sing this fact and the de�nition of an internal category, gives the following for the restriction

of the left-hand side of equation 13:

: : : �( ) : ; �( ) :

: : : ; 1

:

�( ) :

�( ) :

: : ; as noted earlier.

On the other hand, the restriction of the right-hand side of equation 13 is:

: �( ) : ; : ( ): :

Thus as desired. It follows that and satisfy the �rst requirement for being a

join.
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Now let and be a pair of states satisfying this requirement. The morphism

: b : : ! :Obj

de�nes an internal functor

( : b ): ( : )! :

Applying the unit of the adjunction between and lim to yields an internal natural

transformation ( ): ! lim ( ( )).

Now let [ : ; : ]: :Obj : : b ! : . We now

show that de�nes an internal natural transformation : ( ) ! . As a discrete state

is given by the following diagram:

:Obj :Obj

:Obj

:

:Obj :Obj

: s; :

/

: s; : s

/

:s

:

: s; :

/

The �rst component of this diagram commutes because is a state, and the second commutes

because is a state. The requirement for to be an internal natural transformation is

( ( )) ( ) . The only nontrivial component of this equation is the :

component. This is a morphism : ! : . Now : has three components. On two

of the components, the requirement is a consequence of condition (d) of the de�nition of an

internal category. On the third component, : b , the requirement is a consequence

of the hypothesis ( ).

Applying the functor lim to produces an internal natural transformation

lim ( ): lim ( ( ))! lim ( )

. Composing this internal natural transformation with ( ) gives a discrete state

lim ( ) ( ) of : , which is also an internal natural transformation : ! .

We claim that . It s easy to see that ( ): b : b : b

: b because . It is also easy to check that ( ): :

: because both and are compatible with . It is more di cult to verify that

( ): : . To see this, expand:

( ):

: : : b ; �( )

: : ; �( )

: : ; �( )

(�( ) ( )):

(�( ) ( ( ))):
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We now compute the internal composition above:

�( ) ( ) �( ) (lim ( ) ( ))

�( ) (lim ( )) ( ( )); by Prop 21

�( ) ( lim )( ) ( ( ))

�( ( )) ( ( )); since � is an external natural transformation

1 ; by one of the formulas relating the unit and counit

Substituting this result into the earlier one, we obtain: ( ): :

: . Therefore, : as desired.

It remains only to show that is unique with respect to the condition .

Let be another discrete state of : satisfying this condition. It is immediate that

: b : b and : : . Now by de�nition, :

(lim ( ) ( )): , where [ : ; : ].

We compute each of the components of . First, consider : . By the condition

on ,

: ( ):

: : : b ; �( )

: : ; �( )

: : ; �( )

( : ) �( ):

Next, compute : . By the assumption that and de�ne a join,

( ) . Now expand the : component to obtain:

(( ) ):

: : : b : ; : :

: : : : ; : :

since is a state and by de�nition of

: : : ; : :

: : ; �( ) :

by the de�nitions of and

: : ; �( ) :

(�( ) ( : )): :

This is equal to

( ): : : : : :
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Since : is an epimorphism, it follows that

: (�( ) ( : )): :

Comparing this with the computation of : , we see that

(�( ) ( : )): :

Regarding as an internal natural transformation we then have:

�( ) ( : ):

Now expand the de�nition of as follows:

: (lim ( ) ( )):

(lim (�( ) ( : )) ( )):

(lim �( ) lim ( ( : )) ( )): ;

since lim is a functor

(lim �( ) ( ) : ): ;

since is an external natural transformation

(lim �( ) (lim ( )) : ):

(1 : ): ;

by one of the formulas satis�ed by the unit and counit

:

Therefore and the result follows.

As de�ned, it is not obvious that the join is unique in any sense. The following result

shows that in the usual case where is an epimorphism of schemas the join is unique up to

isomorphism.

et : ! e a morphism of schemas, and let e a state of in . et

and e t o states of that are oins of o er . hen there e ists a discrete isomorphism

state of ( : ) such that .

Proof. Let be the factorization of given by diagram 7. Let and be the

discrete schemas ( : ) and ( : b ), respectively.

By de�nition of a join, there are states and of such that ( ) and

( ) . In addition, there are unique states and such that and

, respectively. By the usual reasoning, we �nd that and are discrete

identity states. Therefore both and are discrete isomorphism states.

We now compute ( ) in terms of and as follows:
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( ) By construction

( ) By the choice of

( ) By Theorem 23

( ) By construction

( ) By de�nition of extraction

( ) ( 1 ) Note that : b 1

:

so 1 is compatible with .

: (( ) ( 1 )) By de�nition of

: (( ) ( 1 )) By Proposition 21

( : ( )) By associativity of

( ) By de�nition of

Therefore ( ) . Now is an epic morphism, and the components of coincide

with those of except for : b which is an identity morphism. Therefore is also epic.

It follows that . The result then follows.

Having shown that join is unique up to isomorphism, one should also check that isomor-

phic states produce isomorphic joins in general.

et : ! e an epimorphism of schemas, and let , e isomorphic

states of . hen ( ) is isomorphic to ( ).

Proof. We will use the notation in the proof of Theorem 29. Since is isomorphic to , there

exists a discrete isomorphism state such that . By de�nition of the join, there are

states and on the schema and states and on the schema such that ( )

and ( ). By the associativity of , ( ) ( ) ( ). By

the universal property de�ning the join state , there exists a unique discrete state such

that . Since is a discrete isomorphism state, it has an inverse . Now repeat

the argument with the roles of and reversed. The result is a unique discrete state

such that . Substituting each of these into the other gives and

. By the universal property of and , it follows that and are discrete

isomorphism states. Furthermore, and .

We now compute ( ) ( ) ( ) .

As in the proof of Theorem 29, ( ) ( ) . Since is epic, it follows that

. The result then follows.

uee in and Inde in a le .

So far the tables of a database state are, in general, multisets not relations. It is possible for

two rows of a table to have exactly the same attributes, and yet be di�erent rows. In this

section, a condition is introduced that constrains a state to be relational, and an operation is

de�ned that converts an arbitrary state to a relation. The operation is called s uee ing and

it corresponds to the \elimination of duplicates" operation of standard database systems.
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Before giving the precise de�nition of relations and squeezing, we discuss a closely related

concept and a categorical formulation of it.

In practice, the elimination of duplicates is done by creating an auxiliary table rather

than modifying the original table. If this auxiliary table retains links to the original tuples,

then it is called an inde . Indexing is important for improving the performance of database

queries. To see how one can express indexing in categorical terms, consider the case of a

relation one of whose attributes is a function a: ! with values in a domain . An

index for this attribute is a set whose elements correspond to some of the elements of , i.e.,

there is a monic function : ! . In addition, each of the original tuples of is linked

with its index entry. This is most easily expressed as an epic function : ! such that

a . In other words, an index of an attribute is an \epic-monic factorization" of the

attribute as a function. This leads to the following de�nition:

n indexable internal category is an internal category ith monic arro s

and epic arro s together ith a morphism : : : ! :

:

: such that

: : ; : : 1

:

:

While an epic-monic factorization can be used to express the concept of an index, it is

not enough by itself for eliminating duplicates in general. It is also necessary to choose one

out of each set of duplicates. Such a choice is arbitrary and so is an example of a use of

the axiom of choice. In addition, a table will generally have several attributes. To express

these as a single function, one must construct the product of the domain sets as well as the

product of the attribute functions. This construction is a special case of limits.

Having introduced the background needed by the squeeze operation, we now give the

main concepts and results of this section.

et e a state of a schema in an internal category . he state is said

to e relational or a monic state if for any t o discrete states and of : ,

implies . relation is an isomorphism class of relational states of .

If : is a �nal object of , then a state can be regarded as a \cone" of arrows having a

common source. A monic state of such a schema is essentially the same as a \monic family"

as de�ned in Freyd and Scedrov [4]. Furthermore a relational state of this schema essentially

coincides with their concept of a \relation." The only di�erence is that our concepts of monic

and relational states are de�ned within the context of an ambient topos.

Given an arbitrary state, one should be able to \eliminate duplicates" to obtain a rela-

tional state. The resulting operation is called \squeezing."

et e a state of a schema . state of is said to e a squeeze of if

the follo ing hold:

ne should be careful not to confuse this concept of inde ith the concept of inde ed categories or ith

inde ing in mathematics in general. or e ample, the mathematical concept is an structure hile

the database concept is .
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. he state is monic.

. here e ists a discrete state of : such that .

. f is another state satisfying conditions and , then there e ists a discrete state

of : such that .

Note that the discrete state in condition (2) is unique if it exists by de�nition of a

monic state. Similarly, the discrete state is unique if it exists. Furthermore, if is the

discrete state for which , then . These uniqueness properties imply that a

squeeze of a state is unique up to isomorphism. Therefore the isomorphism class of a squeeze

of a state is uniquely determined by a state (if any squeezes exist at all) and will be denoted

( ).

The main result of this section is a set of conditions on an internal category that ensures

that every database state can be squeezed.

et e an complete, inde a le, internal a iom of choice category in an

am ient topos . hen for any schema and state of , there e ists a s uee e of .

Proof. Let be the discrete internal category ( : b ), and let be the internal

functor determined by the morphism

: : : : : b ! : :

Let : ! ( : ) be the internal functor determined by the morphism : . Since

is complete, the functor

: a [ ( : ); ]! a [ ; ]

has a right adjoint lim . The counit of this adjunction will be denoted �. Let be the limit

lim ( ). Intuitively, the morphism : bj: : ! :Obj maps each top in : to the

product of the domains of its attributes.

Applying the counit to gives an internal natural transformation �( ) from ( lim )( )

to . Therefore, �( ): : b ! : and the following diagram commutes:

: b

:Obj

: b :

: b

:Obj

: :

/

/

:s

:

: s :

/
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But this is equivalent to the following diagram:

: :Obj

: b :

:

:Obj

:

/

/

:

:

:s

:

: s

/

This diagram de�nes a state of that will be denoted . Note that depends only on

the morphism : of . Intuitively, replaces each table of : b by the cartesian

product of the domains of the table, and each column of : is replaced by a projection

arrow.

We claim that is a monic state. Let and be discrete states of : such that

. Let . By reversing the procedure above for constructing from

�( ), one can use the state to de�ne an internal natural transformation from the internal

functor determined by : : b : . By de�nition of the adjoint, there is a

unique internal natural transformation from to such that this diagram commutes:

( )

( )

: s

Commutativity of this diagram is equivalent to the condition , where is the state

corresponding to . Now and also satisfy this condition. By the uniqueness of it follows

that , and therefore that is monic.

Now consider the internal natural transformation from ( : b ) to determined

by the morphism : : : b ! : , where : b denotes the discrete

identity state de�ned by : b . By de�nition of the adjoint, there is a unique internal

natural transformation from : b to such that this diagram commutes:

( : b )

( )

Commutativity of this diagram is equivalent to the condition . Thus is uniquely

determined by this condition. Intuitively, for each top of : , is the product arrow from

the table to the cartesian product of the domains.
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Now use the fact that is indexable to de�ne discrete states and of : by

: : : :

: : : :

It follows that and hence that . Let . It is easy to check

that is a monic state. Since has already been shown to be a monic state, it follows that

is a monic state. Furthermore, . Therefore the �rst two conditions of

De�nition 33 hold.

It remains to show the uniqueness condition for . Let be another state of satisfying

the �rst two conditions of De�nition 33. Suppose that is a discrete state of : such

that . Now use the axiom of choice to de�ne a discrete state by

: : : : ;

and set . Now by de�nition of : , it follows that is a discrete identity

state. Therefore .

It would be interesting to determine whether the axiom of choice is essential here. From a

database point of view, it is just an implementation issue whether one eliminates duplicates

by choosing one of them or by using some other technique.

Intuitively, Theorem 34 proves that the squeeze of any state is a substate of the cartesian

product of the domains. The concept of a relation in the relational model is often informally

de�ned to be a subset of a cartesian product of domains. The theorem therefore gives some

justi�cation for this as the de�nition of a relation. To fully justify it we need that every

substate of the product state de�ned in the proof of Theorem 34 is monic. In fact, it is

easy to check that a substate of a monic state is also monic. Therefore under the assumptions

of the theorem, relations are precisely the subobjects of the cartesian product states .

election.

The selection operation in database management is often the �rst operation introduced.

Indeed many �le processing systems will o�er elaborate selection operations without o�ering

join or squeeze. However, from a theoretical point of view, the selection operation is more

complex because it introduces a new kind of concept entirely: a predicate on values of

variables. The kinds of predicates can be very elaborate, involving not only constants,

equality and boolean operations, but also ranges, \wild-card matches" and domain-speci�c

operations (such as time and date comparisons). It would carry us far beyond the context of

this paper to try to formalize all of this. Instead, we note that however complex a predicate

may be, there is always a database state that corresponds to the set of all solutions to the

predicate.

he resulting state may not be nite, but this is not a problem in this frame or .
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predicate state of a schema in an internal category consists of a

morphism of schemas : b: ! and a state : : ! ( ). selection state of

a state of ith respect to the predicate is a state of satisfying the follo ing t o

conditions:

. here e ists a pair of discrete states of : and of : such that and

: b : .

. f and are a pair of states satisfying

: : b ( );

then there e ists a uni ue discrete state of : such that

and : b: b :

Intuitively, the selection state is \contained" within both the predicate and the original

state. The morphism : b is the su stitution morphism that de�nes how the tops, attributes

and feet of the predicate schema are to be substituted by corresponding tops, attributes

and feet of . Note that in practice, the state : is a monic state . It is easy to

check that a selection is unique up to isomorphism of states and that isomorphic states have

isomorphic selection states.

eturn to the employee data ase in ample . e descri e ho to e press

the follo ing selection uery in this frame or :

O O

Let be the schema obtained from the employee schema by extracting just the

table and its attributes. De�ne a predicate state of as follows. Let

be the discrete schema on the �nal object of the ambient topos. Let : b: ! be

given by

1. The morphism : b: b : 1 ! maps the single element of 1 to

.

2. The morphism : b: : 1 ! ; ; : : : maps the single element of 1

to .

3. The morphism : b: : 1 ! ; (11); (20); : : : maps

the single element of 1 to (20).

hen p. is not monic, the selection is still a ell de ned operation. o ever, a selection ith

respect to a nonmonic predicate does not correspond to hat one intuitively thin s of as being a selection .
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Let : : ! ( ) be given by

1. The morphism : : b : 1! :Obj maps the single element of 1 to a singleton

set 0 in :Obj.

2. The morphism : : : 1! : maps the single element of 1 to the arrow

0! .

3. The morphism : : : 1! :Obj maps the single element of 1 to the set of

20-character strings.

The selection state of consists of those tuples of the relation that have

NAME equal to , i.e., the result of the SQL query above.

The main result of this section is that the selection can be expressed in terms of the join.

et e a state of a schema in an internal category , and let e a

predicate of the schema in . et e the morphism of schemas [ : b; 1 ]: ! .

hen [ : ; ], if it e ists, is a selection of ith respect to .

Proof. Let be a join state [ : ; ], and let denote the database state denoted in

De�nition 26. Then : : : : ! : : Let be the discrete state of :

de�ned by , let be the discrete state of : de�ned by , and let .

We claim that is a selection of with respect to . We have that by de�nition,

while the condition : b : follows from the fact that . The di cult

part is the uniqueness property.

Suppose that and are discrete states satisfying : : b ( ): Restrict-

ing this equation to each component gives the following equations:

: : : b: b

: : : ; :

: : ; : : b:

: : : : b:

Let and be the same as in the statement of Theorem 28. Let be the state of given

by : b : , : [ ; ] and : : [ ; ].

The �rst equation in the list above implies that is a database state. Now de�ne a state

of by : b : , : : : ; : and

: : . The second and third equations in the list above imply that

satis�es the equation [ : ; ] . By de�nition of the join, there is a unique

discrete state of S. such that . Restricting this equation to : gives

, while restricting it to : gives : b: b . It follows that is a

selection as desired.

et e a state of a schema in a complete internal category , and let

e a predicate of the schema in . f : : : : b: , then

there e ists a selection of ith respect to .
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Proof. It is easy to see that the morphism of schemas in Theorem 37 is an epimorphism.

The condition on implies that

[ : ; ]: : : :

Since is complete, Theorem 28 applies and the join [ : ; ] exists. By Theorem 37,

the join state is a selection state for with respect to .

oolean eration .

The only remaining operations of the relational algebra are the boolean operations of inter-

section, union and di�erence. They are also the most problematic in this framework since

topoi are not in general boolean. sing De�nition 25 one can speak of a substate of any

database state . Moreover since substates are just subobjects, there is a partial order on the

substates of . nder some conditions the order algebra formed by the set of substates will

be a boolean, or at least, a Heyting algebra. It is an open question what these conditions

are in general.

By theorem 34, all monic states are substates of the maximal product state constructed

in theorem 34, and the squeeze of any state is monic. In the classical relational case, where

all states are monic, this means that all states are substates of the maximal product state.

Since the internal category is complete, it seems clear that intersections and unions of states

exist, and are the familiar intersections and unions. Turning the phrase \it seems clear" into

a theorem is an interesting open question.

1 onclu ion and uture or .

In a database system there are a number of notions:

attributes

tables

domains

rows of tables

columns of tables

elements of domains

Consider for the moment that each of these are simply \things" or \objects." So by \table"

we mean \table-as-object" or to be less abstract, think of \table" as being the name of the

table.
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In a standard database, these are all di�erent objects, and they should all inhabit di�erent

universes. Less abstractly, one would say that they all come from di�erent \name spaces."

Thus even if by chance a table is named \John Smith," which happens to be the name

attribute of one of its records, one nevertheless recognizes that, as an object, the table is

quite distinct from the element of the domain of the attribute.

For an object-oriented model, it is no longer the case that all the notions above are

disjoint. A domain could also be a table. In a full categorical framework there is no dis-

tinction between table and domain. The following diagram summarized the similarities and

di�erences between the three regimes.

a a

a

: : : :

: b : b : b

:

: : : :

:

:

:

:

:s

:

What is not shown in the diagram is that the relational model has no useful notion of

composition, whereas the other two do. The concept of object-oriented data model sketched

above includes concepts of identity, classes, composition of attributes and inheritance. It

lacks only an explanation of behavior. It is interesting, however, to note that there is a clear

progression from the classical relational model to full category theory.
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